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Abstract

The2-methylalkanesthecyclic alkanesandthe 1-methylbicyclo[X.1.0] alkanesareshownto
possesgenticalvaluesfor the Hosoyaindex. Forthesespecificmoleculargraphsthis topologicalindex
generatetheintegersequenc&nownasLucasnumbers.Theimplication of theseresultsfor quantitative
structure-propertyelationshipdevelopmenis illustratedusingnormalboiling point data.
Introduction
Thenumberof differentmoleculeswith justtheformula Cs4H130 is morethanonehundrednillion billion
timesgreatetthatthe numberof differentmoleculesof all types(andformulas)catalogedn all of human
history. Thereforejt is imperativethattheoreticachemistsddevelopmethoddo predictpropertiesof
moleculesrom their structuresothatsyntheticchemistanidentify on which of theenumerable
molecularstructuregheyshouldexpendheir finite resources.Thisis oneof the primaryreasongor
developingquantitativestructure-propertyelationshipQSPR).

TheHosoyaindex (Z) is anexampleof a graphinvariant,calledatopologicalindex,which maybe
calculateddirectly from the structureof amolecule[1]. Topologicalindiceshaveprovento bevery useful
in QSPRmodelsespeciallywhena physicalpropertysuchasthe normalboiling pointis modeledfor a

specificfamily of moleculargraphd2]. Thisis illustratedin Figurel wherethe high correlationbetween

theHosoyaindexandthe boiling pointsof the acyclicalkaness shown[3].
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Figure 1. Normalboiling pointsplottedversughe naturallogarithmof the Hosoyaindex(Z) for all 40

acyclicalkanedrom C;Hg to CgHi5 [3]. Thebest-fitsecond-ordepolynomialis shownastheblackline.

Sincetopologicalindicesrepresena mathematicatlefinition arisingfrom thefield of graphtheoryanddo
notcomefrom thelaws of physicswhich governthe physicalpropertiesof moleculesfwo important
guestiongonfrontingthe theoreticakchemistrycommunityhavebeen: “Why dotopologicalindicesdo
suchagoodjob in QSPR?"and“What physicalsignificancedo topologicalindiceshave?”

As partof a systematistudy of the applicationsof chemicalgraphtheoryto macromoleculesye
reportthreefamilies of molecularstructureghatgeneraté.ucasnumberdor the Hosoyaindex,andwhat

theimplication of this resultis for QSPRmodeldevelopment.
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The Hosoyalndex

Thealkanesarethe mostextensivelystudiedclassof moleculesor QSPR[2]. Thehydrogen-
depletednoleculargraphsarewhattopologicalindicesareusuallyappliedto. TheHosoyaindexZ is
definedasthe numberof setsof nonadjacenbonds(edges)n amolecule(graph)[4]. Tablel showshow

theHosoyaindexis determinedor 2-cyclopropylbutane.

Table 1. Determination of
the Hosoya index by direct
enumeration for the
hydrogen-depleted graph of
2-cyclopropyl butane. To
facilitate the enumeration,
the dges(bonds) are

labeled in red.

Fromthis definition, Z is determinedy listing all setsof nonadjacenedges.Thus,in thisexamplethereis
onewayto selectzeroedgessevenvaysto selectoneedge twelvewaysto selecttwo nonadjacenedges,
andzerowaysof selectingour or morenonadjacentédges.Thetotal of all ways,i.e.thevalueof Z for the
hydrogerdepletedgraphof 2-cyclopropylbutanejs 24.

Themethodof listing all thecombinationof nonadjacenédgesn amoleculargraphbecomes

overwhelmingor largemolecules. Thereforea secondmethodof evaluatingZ is needed.The Hosoya
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CompositionTheoremHCT) allows Z to be determinedrom thevalueof Z for smallergraphd4]. This
theoremstateghatthe Hosoyaindexfor amoleculeis equalto the productof the Hosoyaindexfor each
connectedragmentproducedoy deletinganysingleedgeplusthe productof the Hosoyaindexfor each
connectedragmentproducedoy deletingall theedgesadjacento theinitial edgethatwasdeleted. Figure

2 illustrateshow the HosoyaCompositionTheoremworks.

Figure 2. Applicationof the HosoyaCompositionTheoremto 2-cyclopropylbutane.

In this paperthe specialbracketsn thetopline of Figure2 (Z-notation)will be usedasashorthand
notationto representhe productof the Hosoyaindexfor eachconnectedragmentof theinitial graphinside
thebrackets.

TheHCT makest possibleto identify recurrenceelationshipsvhereZ for onemoleculeequalshe
sumof the productsof the Z's for smallermolecules. The mostfamousexamplas thatfor thelinear
alkaneswvhich connectgshe Hosoyaindexto the Fibonaccinumberd4]. Recallthatthe Fibonaccinumbers

aregivenby thesequencé&; = F, = 1, andfor n greateithan2, F, is definedasthe sumof thetwo

precedinghumberdn thesequencéi.e. Fy.1 + F,.0). Forthelinearalkanessomposedf n carbonatoms,
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the HCT produceghefollowing recurrenceelationandleadsto Z, equalingthe Fibonaccinumber F.1,
sinceZg=271=1.

Ly = Zna t Zno = Fun 1)
In the precedingexampleandall subsequergquationsthe subscriptn on Z will indicatethe numberof

carbonatomsin the parentmolecule. Theway a moleculargraphmay grow, onevertexafteranotherwill
beindicatedby wherethe n is placedonthegraph. ThegenerahotationZ[G(n)] representthe Hosoya
indexfor aspecificfamily of graphswhile the specificvaluefor n will identify which memberof the
family is beingconsidered.ThenotationZ[G(n)] will beabbreviateds Z, wherethefamily of graphs
underconsideratiorwill bespecifiedin thediscussion.

The 2-Methyl Alkanes

In orderto find therecurrenceelationarisingfrom the Hosoyaindexfor the 2-methylalkanes,

Table 2. The Hosoya index for
the first four 2-methyl alkanes
and the general case composed
of n carbon atoms are shown.
The vertices, representing
carbon atoms, are designated by
the letter C.
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thesmallestmolecularexamplesshownin Table2, wereconsidered.Thevaluesof Z shownin theabove
tablecanbe quickly obtainedior all butthelastcaseby directenumeratiorof the setsof nonadjacenédges
in the correspondingnoleculargraphs.Forthe n" casethe HCT wasusedasillustratedbelowwith the

notationintroducedn Figure2.

)
The selectionof thefirst edgeto bedeleteds critical to therecurrenceelationthatarisesrom the HTC.
Equation2 arisesfrom the deletionof the verticaledgein the original graph. Sincethefragmentonthe
right sideof equation2 areall linearalkanestheycanbereplacedwith their correspondindribonacci
numbers.
Ly = Fn  + Fn2 = Ln1 3)
This produceghewell knownsequencef Lucasnumbers.Oneof the manywaysof definingthe Lucas
numbersequencés asthesumof the n+1" Fibonaccinumbermplusthe n-1" Fibonaccinumber. Equation
3 produceshe L,.; Lucasnumberfor the 2-methylalkanepossessingn carbonatoms.
An alternativeapplicationof the HCT, thatis selectingtheright most(terminal)edge astheinitial

edgeto bedeletedyields

(4)

and

Zy = [ZnaxZ(0)] + [Zn2x Z(0) x Z(0) ] )
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Notethatthedefinition of Z, is thesameasin equatior2. Since Z for alonecarbon(vertex)represented
by Z(0) equalsone,theequationsimplifiesto

Zyn = 2Ly F Zno (6)
It wasnoted thattheanalyticalsolutionfor this recurrenceelationis very accuratelyapproximatedy the

lasttermin equationy’.

(7)

Equation7 makest easyto evaluatehe Hosoyaindexfor any 2-methylalkaneby just specifyingthe
numberof carbonatoms. It alsoillustratesthatthelogarithmof Z, is linearly relatedto n.
As shownin Figure3, the experimentallydeterminedoiling pointsfor the 2-methylalkanesare

highly correlatedwith thelogarithmof Z,. ThesubscripiontheHosoyaindexhasbeenleft off in

Figure 3. Normal boiling
points plotted versus the
natural logarithm

of the Hosoya index for
the 2-methyl alkanes from
CsHg to C11H24 [3]. The
line represents the best fit
second-order

polynomial.
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Figure3. Of coursetheHosoyaindexremainsafunctionof n for the specificgraphunderconsideration.
Thereasorfor leavingtheindexoff is that,in subsequerfigureswherecomparisonsrebeingdrawn
betweerdifferenttypesof moleculestheindexn will notalwaysbethe sameeventhoughthe numerical
valueof the Hosoyaindexwill be.
The Cyclic Alkanes

Anotherfamily of structurallyrelatedmoleculess the unsubstituteanonocyclicalkanes.Table3

showsthefirst few moleculesn this seriesDirect enumeratiorgivesthe valueof Z for

Table 3. The Hosoya
index for the first four
cyclic alkanes and the
general case composed

of n carbon atoms.

thesmallestmembersandsuggesthatthe samentegersequences beingproducedasfor the 2-methyl

alkanes.Applicationof theHCT tothe n" cycloalkanechoosinganyedge resultsin
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(8)

Sincelinearfragmentsaregeneratedequation8 simplifiesto
Zyn = kw1 + Fya = Ln 9)
Therecurrenceelationgivenby equation8 generatethe Lucasnumbers.For this classof molecules,Z,

generatethe nth Lucasnumber aspreviouslyreported5]. Notethat Z,, now representthe Hosoyaindex

for themonocycloalkaneomposeaf n carbonatoms.
1-Methyl Bicyclo[x.1.0] Alkanes

Sofar, onefamily of acyclicalkanesandonefamily of monocyclicalkaneshavebeen

Table 4. The Hosoya
index for the first four 1-
methyl bicyclo[X.1.0]
alkanes and the general
case composed of n

carbon atoms.
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shownto generatd.ucasnumberdor the Hosoyaindex. Onefamily of bicyclic alkaneshasbeen
foundwhichis relevantto this study,the 1-methylbicyclo[n-3.1.0]alkanes.Table4 showsthefirst few
moleculesn this series. Direct enumeratiorproduced_ucasnumberdor the Hosoyaindexfor the smallest

of thesebicyclic molecules.Applicationof the HCT to the N caseby first deletingtheinternaledge

yields:

(11)

Thesecondermontheright handsideof equationllis alinearalkane which canbereplacedoy the
Fibonaccinumber F, 3. Applying the HCT to thefirst termontheright in equationl1 canproducealinear
alkanewhichwill resultin

Z, = (Fw1 + F2) + Fus (12)
Usingtherecurrenceelationfor Fibonaccinumbersequationl2 simplifiesto

Zyn = R + Fa = L (13)
which againgeneratethe Lucasnumberspow for afamily of bicyclic alkaneswhere n ontheHosoya
indexcontinuego definethe numberof carbonatoms.
Boiling Point Analysis

We now haveatriply degeneratsetof moleculedor the Hosoyaindex(i.e. threedistinctgraphsall
possessinthe samevalueof Z) comingfrom anacyclic,amonocyclicandabicyclic family of alkanes.
This allowsthe normalboiling point for threedifferentalkanego be comparedvheneachhasthe same
valuefor their Hosoyaindex,andthis comparisorcanbe extendechseachmemberof therespectivaalkane

family is allowedto growonecarbonatatime. Sincethe Hosoyaindexis knownto behighly correlated

10
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with boiling point for all moleculescomposeaf tenor fewercarbonsaswell asin manyothercasespne
mightexpectmoleculeshavingthe samevalueof Z to havesimilar boiling points(i.e. varyingby adegree
or two basedn Figurel). Thisis notthe casewhencomparingmoleculefrom the threefamilies of
molecularstructuresinderconsideratiorhere. As Figure4 illustrates thethreefamiliesof molecular

structuresio not exhibitthe samebehavior.

Figure 4. Thenormalboiling pointsin Kelvin versughe naturallogarithmof the Hosoyaindexfor each
memberof thethreefamilies of moleculargraphs: purpletriangles= acyclicalkanespluediamonds=

monocyclicalkanesandgreensquares bicyclic alkanes.

In fact, typically the setsof threedistinctmoleculargraphshavingthe sameHosoyaindexdo nothavethe
sameboiling points,ascanbe seerby looking atanyverticalline passinghroughthe datapointsin Figure

4. Furthermoretherearedifferencesn thetrendsin the boiling pointasa functionof the Hosoyaindexand

11
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thereforeasa functionof n. Thetrendlinesin Figure4 arejustthereto helpillustratethe differences
betweerthethreefamiliesof alkanes.

In Figure5, thedifferencebetweerthe normalboiling pointsfor unsubstitutedmnonocyclicalkanes
andthe 2-methylalkaneshavingthe samevalueof Z areplotted. In thisfigure,notonly is the magnitude
of thedifferencebetweertheboiling pointsvisible, butsois atrendin this differencebetweerboiling

points.

Figure 5. Plotof thenormalboiling point differencein Kelvin betweerthe n carboncycloalkaneandthe
n+1carbon2-methylalkane. Thebestfit line with aregressioriactor( r?) of 0.97 is shownin redto

illustratethe correlation.

Notethatnotonly arethedifferencedetweerthe pairsof moleculeswith the sameHosoyaindex

not small,but the differenceshangespanningarangeof 34°C. Thedatatakenfrom theNIST WebBook

12
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includesall boiling pointsmeasureéfter 1900[3]. Onedatapoint, from 1887,which exhibitedalargebut
abnormalifferencehadneverbeenduplicatedandwasthereforeomitted.
Evenmorepronouncedrendsexistfor the differencesn the boiling pointsfor the othertwo
combination®f moleculegpossessin@glenticalvaluesof Z: 2-methylalkaneswith 1-methylbicyclo[x.1.0]
alkanesandcycloalkanesvith 1-methylbicyclo[x.1.0] alkanes.As canbe seerfrom Table5, the
differencerangesover8(°C for the boiling pointsfor the four pairsof compoundsn thelatter series
(monocyclicandbicyclic), while thefour pairsof compoundsn theformerseriegacyclicandbicyclic)
spannearly100°C. Theseareremarkablypronouncedlifferencesonsideringhatonly threecarbonsare

addedacrosseachfamily.

Table 5. The normal boiling points for the three families of alkanes discussed in this paper. The
boiling points for the 2-methyl alkanes and the cycloalkanes were taken from reference 3, while

the boiling points for the bicycloalkanes were taken from reference 6.

Theseresultssuggesthatarelationshipmayexistbetweerthe boiling pointsof thesethreefamilies of

moleculeswhichis bothsignificantandunaccountedor by the Hosoyaindex. Theunaccountedor trends

13
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in thedifferencef the boiling pointscorrespondo “the morecyclizedamoleculeis themorepronounced
thistrendbecomes, afactorwhich would needto bebuilt into any QSPRmodelinvolving boiling point.
Conclusions

TheHosoyaindexfor the 2-methylalkanesthe cycloalkanesandthe 1-methylbicyclo[x.1.0]
alkaneds degenerateThis topologicalindexgenerates ucasnumberdor all threefamiliesof alkanes.

Normalboiling point comparisonshowthatwithin eachfamily, the correlationwith Z,, is highand

similar. However,comparisorof moleculegpossessinthe samevaluefor the Hosoyaindexshows
significantdifferencesn the normalboiling points. Furthermorethesedifferenceshowatrendashigher
molecularanalogsareexamined.Fromtheboiling point dataavailablefor thesethreefamilies of alkanesit
appearsasthoughtherangeof differencesn the normalboiling pointrelativeto the acyclicfamily of
alkanesbecomegreateithe morecyclizeda moleculebecomes.This hypothesiss currentlybeingtested
with otherfamilies of alkanesij.e. thosepossessingaluesof Z otherthanthe Lucasnumbers.

Finally, thiswork suggests seriesof questiondor futureconsideration.First,how manyother
typesof graphswhoseHosoyaindexgeneratd.ucasnumbersarethere? Thefollowing tetracyclicgraph

which doesnot matchanyknownmolecularstructure(thereasorit wasleft out of the precedingooiling

pointdiscussion)s the only other“Lucasnumber’examplewe havefoundsofar. Theexistenceof this

non-moleculagraph,raisesa secondjuestion: If therearemoretypesof Lucasnumbergeneratinggraphs,

14
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how manyof themarethereandhow manyhavemolecularcounterparts?Also, sinceall four of theknown

typeshavedifferentnumbersof cycles,is therea three-cycldamily which generatesucasnumbers?
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